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Diffusion models are everywhere. ..

_ Arnaud Doucet ¢

Only about 800 papers on dlfqu|on models
submitted to ICLR. Will read them over the

weekend.
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The noising / destruction process q is a discretised SDE:
Xt—At = Xt — AtCtXt + Dt\/ AtEt,, Et ~ N(O, /)

Learn to sample the denoising / reconstruction process?

» Approximate xt1a: | x¢ as Gaussian (valid as At — 0)

» Learn its (conditional) mean and variance by MLE
» Sample noising trajectories from data
» Maximise their log-likelihood under denoising model
> $$%
> At optimality, as At — 0, the reconstruction process is the

reverse of the destruction process

Xexnr = Xe + Depg(Xe, t) + / Arog(xe, t)ee, e ~N(0,1)
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» Diffusion model training matches two distributions over
trajectories (sequences of latents):
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» Backward (noising) from data
» Forward (denoising) from noise

Noise samples Data samples Backard trajectories from data Forward trajectories from noise

El

In continuous time, denoising <+ score matching <> minimising KL
divergence between two path space measures



» Survey of sampling with learned diffusions
» Continuous-time case: Time reversal for SDEs
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» Diffusion models are trained from data. ..

KL(target distribution - noising process || denoising processy)

» Bayesian inference / sampling setting: we have only a target
density / energy R(x) = exp(—£&(x))
» Thought of as unnormalised ‘reward’ (e.g., a Bayesian

posterior p(x [ y) o< p(x)p(y | x))
> Related problem: product of diffusion prior p(x) and constraint
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Discrete problems
[Phillips et al., x:2408.15905] [Zhou et al., ICLR'24, x:2310.08774]



Diffusion models without data?

» Diffusion models are trained from data. ..

KL(target distribution - noising process || denoising processy)

» Bayesian inference / sampling setting: we have only a target
density / energy R(x) = exp(—&(x))
» Thought of as unnormalised ‘reward’ (e.g., a Bayesian

posterior p(x | y) o< p(x)p(y | x))
» Related problem: product of diffusion prior p(x) and constraint

diffusion model conditional samples

= classifier 7173
= a7 oo T
.
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Approaches to training a diffusion model without data:
» Optimise the reverse KL (+» stochastic control methods)

KL(denoising processy || target distribution - noising process)

» KL: Memory issues from deep reparametrisation trick
» Mode-seeking behaviour
» PDE approaches
[Niisken & Richter, PDEA, x:2005.05409], [M&té & Fleuret, TMLR,
x:2301.07388], [Sun et al., x:2407.07873] and others



Approaches to training a diffusion model without data:
» Optimise the reverse KL (+» stochastic control methods)

KL(denoising processy || target distribution - noising process)

» KL: Memory issues from deep reparametrisation trick
» Mode-seeking behaviour
» PDE approaches
[Niisken & Richter, PDEA, x:2005.05409], [M&té & Fleuret, TMLR,
x:2301.07388], [Sun et al., x:2407.07873] and others
» Monte Carlo methods to estimate V log(R * A (0, V(t)))

» Diffusion samplers are annealed importance samplers
[Doucet et al., NeurlPS'22, x:2208.07698]

» SMC to sample posterior under diffusion priors
[Cardoso et al., ICLR'24, x:2308.07983] and others

» High variance (but sometimes amortisable)
[Akhound-Sadegh et al., ICML'24, x:2402.06121] and others



Approaches to training a diffusion model without data:
» Optimise the reverse KL («+ stochastic control methods)

KL(denoising processy || target distribution - noising process)

» PDE approaches
» Monte Carlo methods to estimate V log(R *« A (0, V(t)))
Examples of estimates amenable to importance sampling:
» DEM [Akhound-Sadegh et al., ICML'24, x:2402.06121]:

IEXONN(Xt, Vt) [VR(XO)]

Vlog(R* N (0, Vi))(x) = Erom A e, ve) [R(%0)]

(estimated using diagonal joint proposal)
»> RDMC [Huang et al., ICLR24, x:2307.02037]:

B (e, Vi) [R(X0) V log N (X0; x¢, V)]
E om0, Vo) [R (%0)]

» Others proposed for diffusion posterior sampling

V log(R*N(0, V4))(x¢) =




Approaches to training a diffusion model without data:
» Optimise the reverse KL («+ stochastic control methods)
KL(denoising processy || target distribution - noising process)
» PDE approaches
» Monte Carlo methods to estimate V log(R * A (0, V(t)))
» Off-policy RL: diffusion samplers are diversity-seeking agents
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Diffusion models without data?

Approaches to training a diffusion model without data:
» Optimise the reverse KL (> stochastic control methods)
KL(denoising processy || target distribution - noising process)
» PDE approaches
» Monte Carlo methods to estimate V log(R * N (0, V(t)))
» Off-policy RL: diffusion samplers are diversity-seeking agents

Example of a consistency objective: For a denoising trajectory
T = X9 — Xar — -+ — X1, minimise a divergence such as

Zp - denoising processy(t) >
Lrg(7) = | log —
R(x1) - noising process(T | x1)

» Multi-objective problem; need to select 7
» ‘Off-policy’ = preconditioning
» But, on-policy, we recover the reverse KL gradient (this later)
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We have two SDEs ~~ path space measures:
T dXe= 7 (X, t)dt + o6) W, Xo ~ Porior,
P dYe = T(Ye, ) dt + o(t) AW, X1 ~ Prarget

I Telel O TR




We have two SDEs ~~ path space measures:
ﬁ codXe = ﬁ(Xta dt + U(t) d Wt, Xo ~ Pprior,
P dYe = T(Ye, ) dt + o(t) AW, X1 ~ Prarget
Radon-Nikodym derivative via Girsanov theorem:
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We have two SDEs ~~ path space measures:
ﬁ codXe = W(Xta dt + U(t) d Wt, Xo ~ Ppriors
P dYe = T(Ye, ) dt + o(t) AW, X1 ~ Prarget
Radon-Nikodym derivative via Girsanov theorem:

|Ogdﬁ:| Pprior(Xo) /||M(Xt, I~ 17X I
d_% Ptarget(Xl) 20‘(t)

14
0

0 U(t)z a(t)?

and the KL, giving a stochastic control cost with control ﬁ:

KU(P | P)=logZ+E, =

log Pprior(XO) + g(XT)

PO (X 1) = (X )12
N /o ( 20(t)? -V t)) &




The two SDEs define the same process with marginal densities p;
if and only if the following three are satsified:

» Boundary conditions: pg = Pprior OF P1 = Prarget
» Nelson's (1965) / Anderson's (1982) identity:

T(x,t) = H (x, 1) — o(t)*V log pe(x)

» Fokker-Planck equation for either process:

Otpr = Ptﬁ —APt



The two SDEs define the same process with marginal densities p;
if and only if the following three are satsified:

» Boundary conditions: pg = Pprior OF P1 = Prarget
» Nelson's (1965) / Anderson's (1982) identity:

T (x,t) = T (x,t) — (t)*V log pe(x)
» Fokker-Planck equation for either process:
Otpt = Ptﬁ —APt
This leads to objectives that enforce the above conditions through

appropriate parametrisations or losses (see [Maté & Fleuret, TMLR,
x:2301.07388], [Sun et al., x:2407.07873], others)



» KL minimisation: [Zhang & Chen, ICLR'22, x:2111.15141], [Vargas et
al., ICLR'23, x:2302.13834]

» Off-policy losses: [Niisken & Richter, PDEA, x:2005.05409], [Richter
& Berner, ICLR'24, x:2307.01198]

» Connections with SMC, control, etc.: [Vargas et al., ICLR'24,
X:2307.01050], [Chen et al., ICLR'25, x:2412.07081], [Albergo &
Vanden-Eijnden, ICML'25, x:2410.02711], [Choi et al., x:2510.11711]



» KL minimisation: [Zhang & Chen, ICLR'22, x:2111.15141], [Vargas et
al., ICLR'23, x:2302.13834]

» Off-policy losses: [Niisken & Richter, PDEA, x:2005.05409], [Richter

& Berner, ICLR'24, x:2307.01198]
My work on this (shameless plug):

» RL techniques: [Sendera et al., NeurlPS'24, +:2402.05098], [Kim
et al., ICLR'25, x:2410.01432], [Gritsaev et al., x:2506.01541], ...
» Unifying theory and continuous-time limit: [Lahlou et al.,
ICML'23, x:2301.12594], [Berner et al., x:2501.06148]
» Inverse problems and scaling: [Venkatraman et al., NeurlPS'24,
X:2405.20971], [Venkatraman et al., ICML’25, x:2502.06999]
» Connections with SMC, control, etc.: [Vargas et al., ICLR'24,
X:2307.01050], [Chen et al., ICLR'25, x:2412.07081], [Albergo &
Vanden-Eijnden, ICML'25, x:2410.02711], [Choi et al., x:2510.11711]



» Two views on stochastic measure transport in discrete time
» Hierarchical variational inference
» Deep entropy-regularised reinforcement learning
» Limiting properties
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Recall the problem: sampling a distribution piarget On RY given its
unnormalised density p = exp(—£&(+))

» Assume a pair of SDEs ~~ path space measures:

ﬁ DodXe = ﬁ(xta t) dt + U(t) dW, Xo ~ Pprior
(_
Poodve= GV t)dt fo(t)dWe, X1 ~ Prarget
» Match the two processes (PINN/PDEs, KL, off-policy
divergences)
P P
> If they are equal, then (evy)x P = (evi)4 P, so X1 ~ Prarget-

The discrete-time version of this: hierchical variational inference



» Assume a Markov chain with states valued in R?:
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» Assume a Markov chain with states valued in RY:

Xolxli)XQL...i)XT, X()Npp,.io,.
where the T are (densities of) Lebesgue-a.c. transition kernels
» For ? to satisfy X7 ~ prarget, need

T-1
Prarget(XT) = /pprior(XO) H B (Xer1 | xe)dxodxg ... dxT 1
t=0
» Introduce a variational distribution with reverse factorisation
2 > 2 2
Yo(—Yl(—YQ(—...<—YT, YTNPtarget

where <F are fixed kernels

> HVI: Match pprior®?®"'®? and ptarget®<5®"'®<ﬁ by
minimising the KL divergence

» Data processing inequality: 0 < KL(X7 || Y1) <
KL(pprior®?®"'®?”ptarget®$®"'®(F)



» Consider a deterministic graded Markov decision process
~ directed graph with set of states S = So US1 U --- U ST,
reward r(s;, st+1) associated with transition from s; to sy

» A policy 7 is a collection of functions 7yrior € P(S0),

7 © St — P(St4+1)) satisfying reachability constraints
S1

52




» Consider a deterministic graded Markov decision process
~ directed graph with set of states S = Sp US; U --- UST,
reward r(s;, s¢+1) associated with transition from s; to s¢11

> A policy 7 is a collection of functions Tprior € P(So),
me © S¢ — P(St41)) satisfying reachability constraints

» Goal: find a policy that maximises the expected reward

T-1
R(W) = EXnyl7~--7XTN7Tprior®7TO®"'®7rT—1 [Z r(stv 5t+1)]
t=0

(Solution not always unique; deterministic maximiser exists.)



Reinforcement learning setup

» Consider a deterministic graded Markov decision process
~ directed graph with set of states S =SS U ---UST,
reward r(s¢, st4+1) associated with transition from s; to s;41

» A policy 7 is a collection of functions mpyrior € P(So),
¢+ St — P(Se+1)) satisfying reachability constraints

» Goal: find a policy that maximises the expected reward

T-1
R(ﬂ') = EXQ,Xl,...,XT’\’Trprior®7T0®"'®7TT,1 [Z r(St, St+1)]
t=0

(Solution not always unique; deterministic maximiser exists.)

» Entropy-regularised objective: R(m) + aH|[7]
» Solution to maximum-entropy RL problem:

T-1
1
(X0, X1, . . . XT) X €xp (a Z r(xt,xt+1)>

t=0
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{(x,00)}  {(x,11)} {Getv-D)} {(x, 1)}

The policies are given by neural networks predicting the parameters
of transition kernels (e.g., Gaussian mean and variance) from
(Xtv t)
» Note that the reverse of a process with Gaussian transitions is
not generally Gaussian (but it is in the continuous-time limit)




Setting up HVI as a maximum-entropy RL problem:
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> X;, Y; take values in space S;
» Set pPinit = Pprior, @ = 1, reward
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Setting up HVI as a maximum-entropy RL problem:
> Recall:
Xo—?—>X1—?—>X2—?—>...—?—>XT, XONPprior

12 12 12 12
Yo(—Y]_(—YQ(—...(—YT, YTNPtarget

> X;, Y; take values in space S;
» Set pinit = Pprior, @ = 1, reward

S,
r(%t ilt_IH—]_l) — |Og (E(Xf ’ Xf+1)7 t<T— 17
o log B (x¢ | xe41) — E(x7), t=T—1

» Optimal poIicy m* ~» kernel ? such that
Ppnor(Xo) H ? Xt+1 ‘ Xt) X exp XT) H (F(Xt ’ Xt+1)

Note: no assumption that spaces S; are all identical (more later)



How to learn the optimal policy 7*7? [M. et al., ICLR'23, x:2210.00580],
[Deleu et al., UAI'24, x:2402.10309]
» Local objective (soft Q-learning):
» Learn value functions V; : S; — R to enforce soft Bellman
equation:

max in unreg. RL!

Vi(xe) = Iog/exp (r(xe, xe41) + Vega(xes1)) dxesa
with boundary condition Vr(x7) =0
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How to learn the optimal policy 7*7? [M. et al., ICLR'23, x:2210.00580],
[Deleu et al., UAI'24, x:2402.10309]
» Local objective (soft Q-learning):
» Learn value functions V; : S; — R to enforce soft Bellman
equation:

max in unreg. RL!

Vi(x:) = Iog/exp (r(xe; xe41) + Viera(xeq1)) dxeqn
with boundary condition Vr(x7) =0
» Policy 7 given in terms of value function by
mo(x0) o< exp(Vo(x0)),  m(xes1 | xe) oc exp(Viiy (Xe1)+r(xe, Xer1))

» Algebraic manipulation recovers the nested VI [Zimmermann et
al., NeurlPS'21, x:2106.11302] / detailed balance constraint for
the transition kernels:

Vi(xe) + log B (xe41 | X)) = Vesa(xes1) + log P (e | Xev1)
where V;(x;) = Vi(x;) for t < T and Vr(x7) = —E(x7)



How to learn the optimal policy 7*7 [M. et al., ICLR'23, v:2210.00580],
[Deleu et al., UAI'24, x:2402.10309]
> Local objective (soft Q-learning):
> Nested VI / detailed balance constraint:

V(%) + log B (%1 | %) = Vera(xer1) + log p (xe | xer1)

whereN VT(XT) = —g(XT)
» The V; are log-marginal densities up to a constant



How to learn the optimal policy 7*7? [M. et al., ICLR'23, x:2210.00580],
[Deleu et al., UAI'24, x:2402.10309]
» Local objective (soft Q-learning):
> Nested VI / detailed balance constraint:

Vi(xe) + log ?(Xt+1 | x¢) = Vesa(xer1) + log ?(Xt | Xe41)

where Vr(x7) = —&(x7)
» The V, are log-marginal densities up to a constant
» Global objective (path consistency):
» |terating the soft Bellman equation gives a path consistency
condition [Nachum et al., NIPS'17, x:1702.08892]
> In our setting, this recovers the following HVI constraint:

T-1 T-1
Vo(xo) +log H Plxers | xe) = —E(x7) + log H P(xe | xey1)
t=0 t=0



How to learn the optimal policy 7*7? [M. et al., ICLR'23, x:2210.00580],
[Deleu et al., UAI'24, x:2402.10309]
» Local objective (soft Q-learning):
> Nested VI / detailed balance constraint:

Vi(xe) + log ?(Xt+1 | x¢) = Vesa(xer1) + log ?(Xt | Xe41)

where Vr(x7) = —&(x7)
» The V, are log-marginal densities up to a constant
» Global objective (path consistency):
» |terating the soft Bellman equation gives a path consistency
condition [Nachum et al., NIPS'17, x:1702.08892]
> In our setting, this recovers the following HVI constraint:

T-1 T-1
Vo(xo) +log H Plxers | xe) = —E(x7) + log H P(xe | xey1)
t=0 t=0

» Does not involve intermediate value functions!



How to learn the optimal policy 7*7? [M. et al., ICLR'23, x:2210.00580],
[Deleu et al., UAI'24, x:2402.10309]
» Local objective (soft Q-learning):
> Nested VI / detailed balance constraint:

Vt(Xt) + log ?(Xt+1 | xt) = Vt+1(Xt+1) + log <E(Xt | Xt11)

where VT(XT) = —5(XT)
» The V, are log-marginal densities up to a constant
» Global objective (path consistency):
» HVI / ‘trajectory balance’ [M. et al., NeurlPS'22, 2201.13259]:

T-1 T-1
Vo(xo) + log H ?(Xt-i-l | x¢) = —€(x7) + log H (F(Xt | Xe+1)
t=0 t=0

> If o is fixed and transports the target to Pprior, then
VO(XO) = lOg pprior(XO) -+ const.



Local and global objectives for entropic RL

How to learn the optimal policy 7#*7 [M. et al., ICLR'23, x:2210.00580],
[Deleu et al., UAI'24, x:2402.10309]
» Local objective (soft Q-learning):
> Nested VI / detailed balance constraint:

Vi(xe) +log B (xer1 | %) = Vesa(xes1) + log P (xe | xe11)

where \7T(XT) = —g(XT)
> The V, are log-marginal densities up to a constant
» Global objective (path consistency):
» HVI / ‘trajectory balance' [M. et al., NeurlPS'22, 2201.13259]:

T-1 T-1
Vo(xo) +log H ?(thtl | x¢) = —€(x7) + log H %(Xr | Xe+1)
t=0 t=0

> If <E is fixed and transports the target to pyrior, then
Vo(x0) = log pprior(X0) + const.
» Both constraints can be turned into optimisation objectives
» Minimising some divergence between the two sides over
trajectories/transitions sampled from some behaviour policy

Nikolay Malkin (Edinburgh) Mila  27.11.2025 Sampling with dynamic measure transport 14 /28



P Recall the trajectory balance constraint:

T-1 T-1
Vo(xo)+log [ [ P (xes1 | xe) = —E(xr)+log [ P (xe | xe41)
t=0 t=0



» Recall the trajectory balance constraint:

T-1 T-1
Vo(xo)+log [ [ P (xes1 | xe) = —E(xr)+log [ P (xe | xe41)
t=0 t=0

» Optimising the squared difference over a training distribution
Pbeh recovers VarGrad [Richter et al., NeurlPS'20, y:2010.10436]:

pprior(XO) H;r:_()l ?(Xt-i-l | Xt) )

exp(—E(xr)) 120 P (xe | xe1)

[’f{)/eh(?7 <F) = Varp,,, (Iog



» Recall the trajectory balance constraint:

T-1 T-1
Vo(xo)+log [ [ P (xes1 | xe) = —E(xr)+log [ P (xe | xe41)
t=0 t=0

» Optimising the squared difference over a training distribution
Pbeh recovers VarGrad [Richter et al., NeurlPS'20, y:2010.10436]:

pprior(XO) H;r:_()l ?(Xt-i-l | Xt) )

exp(—E(xr)) 120 P (xe | xe1)

‘Cf{)/eh(?7 <F) = Varp,,, (Iog

How to choose the behaviour policy ppen?



» Recall the trajectory balance constraint:

T-1 T-1
Vo(xo)+log [ [ P (xes1 | xe) = —E(xr)+log [ P (xe | xe41)
t=0 t=0

» Optimising the squared difference over a training distribution
Pbeh recovers VarGrad [Richter et al., NeurlPS'20, y:2010.10436]:

o _PorerC0) 10! P (xesa | x) )

exp(—E(xr)) 120 P (xe | xe1)

Ef{jleh(?a <F) = Vaereh (

How to choose the behaviour policy ppen?
» Fact [rediscovered many times]: If Tpep = 7 (‘on-policy’), then
the gradient of £ w.r.t. ? is the reverse KL gradient:

V?E'I}/eh(?a ?)‘ :j = 2V?KL(Pprior X ? || Prarget ® (F)

Pbeh



» Recall the trajectory balance constraint:

T-1 T-1
Vo(xo)+log [ [ P (xes1 | xe) = —E(xr)+log [ P (xe | xe41)
t=0 t=0

» Optimising the squared difference over a training distribution
Pbeh recovers VarGrad [Richter et al., NeurlPS'20, y:2010.10436]:

o _PorerC0) 10! P (xesa | x) )

exp(—E(xr)) 120" P (xe | xe1)

Ef{jleh(?a <F) = Vaereh (

How to choose the behaviour policy ppen?
» Fact [rediscovered many times]: If Tpep = ? (‘on-policy’), then
the gradient of £ w.r.t. ? is the reverse KL gradient:

V?E'I}/eh(?a ?)‘ :j = 2V?KL(Pprior X ? || Prarget ® (F)

» But we can do better than reverse KL. ..

Pbeh



Rather than sampling trajectories from the current distribution ?,
we can sample from a more exploratory policy Tpeh:

» Add extra variance to Gaussian kernels



Rather than sampling trajectories from the current distribution ?,
we can sample from a more exploratory policy Tpeh:

» Add extra variance to Gaussian kernels

» Maintain a replay buffer of terminal states x [Sendera et al,
NeurlPS'24, x:2402.05098]
» Update buffer using your favourite MCMC (e.g., Langevin)
» Train ? on trajectories formed by sampling from the replay
buffer and then following )



Rather than sampling trajectories from the current distribution 7
we can sample from a more exploratory policy Tpen:
» Add extra variance to Gaussian kernels

» Maintain a replay buffer of terminal states x [Sendera et al,
NeurlPS’'24, x:2402.05098]

» Update buffer using your favourite MCMC (e.g., Langevin)
» Train ? on trajectories formed by sampling from the replay
buffer and then following o

» Or even learn the exploratory policy to favour high-loss
trajectories [Kim et al., ICLR'25, :2410.01432]

"TERERL

Cioal distr. Student (1/5) Teacher {1/3) Gioal distr. Student (2/3) Teacher (2/5)




Eproration methods work

Forward on-| pallcy TB Forward TB MLE Forward + backward TB Ground truth
log Z (VLB): —1.. 260 log Z (VLB): =4.059  log Z (VLB): —0.370  log Z (VLB): —0.253 logZ =0
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Figure 1: Two-dimensional projections of Many-
well samples from models trained by different al-
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» The error in the detailed balance constraint

\N/i(xti) + |Og ?(Xtiﬂ ‘ Xti) - Vt+1(Xti+1) - |Og (F(Xti ‘ Xti+1)
is precisely the log-importance weight accumulated by AlS
with intermediate targets o< exp(Vi(xy))



» The error in the detailed balance constraint
\N/i(xti) + |Og ?(Xtiﬂ ‘ Xti) - Vt+1(Xti+1) - |0g (F(Xti | Xti+1)
is precisely the log-importance weight accumulated by AlS
with intermediate targets o< exp(Vi(xy))
» NVI/DB (resp. HVI/VarGrad) training minimise variance of
log-1Ws over steps (resp. over trajectories)

» Deep entropic RL is an twisted SMC algorithm (cf. [Chen et al,,
X:2412.07081])



» Deep entropic RL is an twisted SMC algorithm (cf. [Chen et al,,
x:2412.07081])

[Choi et al., x:2510.11711]:
particle filters (SMC) + group importance sampling in replay
buffers

TR - I'TW-Eufter TR + PIW-Rurfer




P In the continuous-time setting, we are matching two processes:

P dXe= (X t)dt+o(t)dWe, X0 ~ Porior,
%
F : dYt:%(Yt, t)dt + o(t)dWe, X1 ~ Prarget

» This constrains us to use the same diffusion coefficients o(t) in
both processes (otherwise, RND not defined, cf. Girsanov)



» In the continuous-time setting, we are matching two processes:
T dX, = B(Xe t)dt +o(t)dWs,  Xo ~ Pprior
(_
PoodYe=T(Yat)dt to(t)dWe, XL~ Prarget

» This constrains us to use the same diffusion coefficients o(t) in
both processes (otherwise, RND not defined, cf. Girsanov)

P In discrete time, we can relax this assumption and learn kernel
variances freely, correcting for time discretisation error
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» In the continuous-time setting, we are matching two processes:
T dX = Z(Xe, t)dt+o(t)dWe,  Xo ~ Poriors
— NTYY,
Poodve= GV t)dt fo(t)dWe, X1 ~ Prarget
» This constrains us to use the same diffusion coefficients o(t) in
both processes (otherwise, RND not defined, cf. Girsanov)
» In discrete time, we can relax this assumption and learn kernel
variances freely, correcting for time discretisation error

> We can also learn the reverse kernel <E introducing a new

degree of freedom (related to bridge sampling)
TBy (fixed var) TBy {learned var) TBy. Ground Lruth
ELB(}=-1.70 FLBO = —-1.73 ELB(O = 0096 log Z =10

i 4 ©

[Gritsaev et al., x:2506.01541]




» In the continuous-time setting, we are matching two processes:
_>
P dX, =7 (X, t)dt + o(t) dW, Xo ~ Pprior,
H
PV = G(Yet)dt o(t)dWe, X1 ~ Prarget

» This constrains us to use the same diffusion coefficients o(t) in
both processes (otherwise, RND not defined, cf. Girsanov)

» In discrete time, we can relax this assumption and learn kernel
variances freely, correcting for time discretisation error

> We can also learn the reverse kernel <F introducing a new
degree of freedom (related to bridge sampling)

Easy generalisation to non-Gaussian
p kernels, kernels on manifolds, etc. 5 o
[Phillips et al., x:2408.15905], mixture-of-

von-Mises kernel on torus

Fros ey (k] mel™')




» Two views on stochastic measure transport in discrete time
» Hierarchical variational inference
» Deep entropy-regularised reinforcement learning
» Limiting properties



If we do assume underlying SDEs, how are HVI/RL approaches
related to the continuous-time setting? [Berner et al., \:2501.06148]

B dXe= 7 (Xe, t)dt +o(t)dWe,  Xo ~ Pprior



If we do assume underlying SDEs, how are HVI/RL approaches
related to the continuous-time setting? [Berner et al., \:2501.06148]

T dX, = T (Xe, t)dt + o(t) dWs,
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If we do assume underlying SDEs, how are HVI/RL approaches
related to the continuous-time setting? [Berner et al., \:2501.06148]

T dX, = T(Xe t)dt +o(t)dWs,  Xo ~ Porior

SDE ~~ Euler-Maruyama discretisation as a policy:

» Given a time discretisation 0 < tp < t; < --- < t7 = 1 with
At; = tj11 — t;, we get a Gaussian Markov kernel by

Xejy = Xe + H(Xe, )AL + o(t)AW;,  AW; ~ N(0, At;)

defining a discrete-time process ?

» Similar possible for reverse-time SDE



SDE ~- Euler-Maruyama discretisation as a policy:

> Given a time discretisation 0 < tg < t; < --- < t7 = 1 with
At = ti;1 — tj, we get a Gaussian Markov kernel by

Xioy = Xo + H (Xey, )AL + o (t)AW;, AW, ~ N (0, At;)

defining a discrete-time process ?
» Similar possible for reverse-time SDE
What happens as max; At; — 07



What happens as max; At; — 0?7 Under mild assumptions:
» Theorem 1: Global objectives (VarGrad) are consistent:
liMmax; At;—0 Ef\bf”(?, <F) = E]f_»\‘;e”(ﬁ, F) almost surely



VI with Euler-Maruyama kernels and consistency

What happens as max; At; — 07 Under mild assumptions:
» Theorem 1: Global objectives (VarGrad) are consistent:
; Pbeh &y pPoen (T (ﬁ
liMmax; At—0 L1y (?, p) =Ly (P, P) almost surely
» Theorem 2: Local constraints (soft Q-learning) approach
PDEs. Considering the detailed balance discrepancy

Vi(xti) + |0g ?(Xti-H | Xti) - \N/t+1(Xti+1) - Iog <E(lei | Xti+1)7

» Vanishing of the O(1/At;) — Nelson's identity:
T (xg, t1) = 1 (e, 1) + 0 (8)*V Vi(xe,)
> Vanishing of the expected O(At;) — Fokker-Planck:

Oepe = =V - (T (xe, t)pe) + U(;)2V -Vp:

where py,(x) = exp(Vi(x)).
» The two jointly imply the forward and reverse SDEs define the
same process and have marginal densities p;

Nikolay Malkin (Edinburgh) Mila  27.11.2025 Sampling with dynamic measure transport 19/28



Glebal conistency Local consisiency
Global KL divergence mL Path measure proportionality Reversal formula Density evolution
Puth KL {15) ‘f‘ i p) 2 moment { VarGrad | ir, =y | Nelson'sidentity (12) | wpto¥-p |Fokker-Planck PDEs (10)
& ichiter et ol 4 _ = p ==V (gl + Tap
Bfgilong [Richer et} By | (1og & legz)l FeR-o'Vlogp [tdebad| Dm0 T
. Ad = 0 limit . At = 0 Eiemit Vanishing to O{¥A7)  Vasishing to Q4
= Riemarn s =Ri £0 8.8 2net | ¥ Exnyla
|| (Prap. 3.2) e | (prop. 33 :pc::fa)’ I gmﬂ- £
Trajectory KI. (5) G B TR | VarGirad (7} ‘ ,3,,,.,*,_,‘,,,r Deetailed halznee ()
& e 3 V] [engioes al s 15 -
B, [1.:; EE] Eoevesaly iy (102 £ - 102 2) l »i— “i 0 g [t et |-50)] = 10g [ttt Tt (5 | )] =0
On-policy objectives Off-policy abjectives
[Berner et al., x:2501.06148]




We can train models using HVI/RL losses with very few time steps,
then sample by simulating SDEs with much finer discretisation:
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» Some large-scale applications
» Posteriors under diffusion and other generative model priors



What about sampling x7 from p(x7 | y) o p(x7)p(y | xT), where
p(xT) is a pretrained diffusion prior and p(y | x7) is a likelihood?

» Intractable in general; MC and SMC-based methods exist

» Extracting information from pretrained foundation models for
images, text, proteins, etc. is important in generative Al



Amortising intractable posteriors under diffusion priors

What about sampling x7 from p(x7 | y) < p(x7)p(y | xT), where
p(xT) is a pretrained diffusion prior and p(y | x7) is a likelihood?
» Intractable in general; MC and SMC-based methods exist
» Extracting information from pretrained foundation models for
images, text, proteins, etc. is important in generative Al

1 . . e

a lion reading the newspaper®

& steam engine train, high resolution®
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Amortising intractable posteriors under diffusion priors

What about sampling x7 from p(x7 | y) o p(x7)p(y | xT), where
p(xT) is a pretrained diffusion prior and p(y | x7) is a likelihood?

» Intractable in general; MC and SMC-based methods exist

» Extracting information from pretrained foundation models for
images, text, proteins, etc. is important in generative Al

By renormalising the base measure from Lebesgue to one defined
by the prior diffusion model, convert this into an entropic RL
problem as above

» ‘Relative’ VarGrad and other objectives [Venkatraman et al.,
NeurlPS'24, :2405.20971]

» Apply the same methods to fine-tune the prior diffusion
model into a posterior model

Nikolay Malkin (Edinburgh) Mila  27.11.2025 Sampling with dynamic measure transport 21/28



Amortising intractable posteriors under diffusion priors

Class-conditional image models from unconditional priors

Priur TPostorior (seven) Paasterior (even) Pricr Pusterior {dog)

113/0]5] I ] e I
21717716 2 0 4| ‘-1‘ <0l 4 L PO TR
318171917 II Elisces FETI
£ 6410] =] 2 Vg

MNIST CIFAR-10
tam -;-- seec PR E]El
- O aer, $
H -
= m IE]-
mrqm =-::= ramr agan

[Venkatraman et al., NeurlPS’'24, x:2405.20971]

» Unconditional diffusion model + classifier ~~ class-conditional
model

» Classifier guidance approximations and RL baselines are biased
Nikolay Malkin (Edinburgh) Mila  27.11.2025 Sampling with dynamic measure transport



Amortising intractable posteriors under diffusion priors

(Non-!)linear inverse problems (with applications in inverse
imaging)

Linear Non-linear Reference
Inp.box Inp.rand  Deblur  Phase Sample

Prior Samples

[Venkatraman et al., NeurlPS'24, x:2405.20971
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Amortising intractable posteriors under diffusion priors

(Non-!)linear inverse problems (with applications in inverse
imaging)

Ground Truth RTB posterior samples p(x | ¥)

Source x

Obs y
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Amortising intractable posteriors under diffusion priors

Table 1: Sources of diffusion priors and constraints.

Db Price p{x) Consirint r{x} Puslerior

(_ondmmal image gcm::muou {341 Lmnf'c dmuaum modclp“} Clussifier likelihood pic | x) Class-conditional distribution pix | ¢)
(F£2) Text o] BLIF reward model Aligmed text-fo-imiyge model

|.m,..m= infilling (5.3} Thiscrete diffusion mede! gressive completion likelil Tnfilling d

CHTline BL policy extraction {§4,4) Driftusion mode] as behavior policy  Boltemann dist, of Q-function Diptimil KL-constmined policy

Other applications:
» Discrete-space diffusion (text)
» Offline RL policy extraction
» Black-box Bayesian optimisation [Yun et al., x:2502.16824]

Phase 1. Training Models Phase 2. Sampling Candidates Evaluate Samples

Prouy Posterior Inferance
palx), mg (] D) 0 po ) - exp (ﬁ . (‘_a.,\f\x] ]| x‘m

Diffuslon model
Palx)
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Inference in latent spaces of generative models

‘Outsourced’ diffusion sampling: sample posteriors in latent spaces
of GANs, VAEs, etc., given a constraint on the output space

Table 2. The priors and constrain studied in §5, Outsevrced ditlusion sampling works in noise spaces of @ wide range of penemtive

wndels and is azaostic o their s

Task Clonslriinl Privr Lype e
TGAN Y 7y
CIFAR- 10 classifer gnidanee CTRAR- I classifer hi\lcllf\ti (Eﬁ L l‘gbx 3
ey i StyleGIANS GAN 512
FFHO text comliioning TrageRewand NYAE Hicrarchical VAE

Text-rn-Tmage mode] REHF

Prostein stctune

TmageReward

Stencire Thiversity

Stable Diffusion 3

FoldFlaw 2

CEIEE LS
Larent-CNF x4l x el

Txnd

IxF12x512

Tiemannian CNF Txad

NVAE

StyleGANI

Prior

Old man

Asian girl
with glasses

Bald man,
hlack bheard

Brown
haired child

[Venkatraman et al., ICML'25, x:2502.06999]
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Inference in latent spaces of generative models

‘Outsourced’ diffusion sampling: sample posteriors in latent spaces
of GANs, VAEs, etc., given a constraint on the output space

Table 2. The privrs

el s is apnostic

straions studied in £5. Ouiseurced ditlusion sampling workes in noise spaces of & wide range of renemlive

Task Conslruinl Pricor Trriva Lyvpe e
TGAN Y Py
CIFAR- 10 classifer gnidanee CTRAR- I classifer hi\lcl;,‘;‘; (E$ o l‘?x 0
g i Style(IANG GAN 512
FFHC) et comliioning TrageRewand NVAE Hicrarchical VAE 4% 20% % 3
Text-rn-Image mode] REHF - ImageReward Stable Diffusion 3 Larent-CNF Wi=ddxfl 3= 5122512
Prodein sfiaciire Stencire Thiversity FirldFloe: 2 TRiemannian CNF Txnd Txad

A cat and a dog. A cat riding a llama.

I A

Prior Posterior

Prior
[Venkatraman et al., ICML'25, x:2502.06999]
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> The SB problem (for processes on [0, 1] taking values in RY):
Pt = argp’:‘i" {KL(P:[|Q¢) : (m0)#Pe = po, (1) 4Pt = p1}
where Q; is a reference process and pg, p1 are given
> If Q; is given by a SDE
dXi: = Fref(Xe, t)dt + oe dWe,  Xo ~ qo

then so (under regularity conditions) is the solution P}



> The SB problem (for processes on [0, 1] taking values in RY):
Py = arngin {KL (P [| Q¢) : (m0) Pt = po, (m1) 4Pt = p1}

where Q; is a reference process and pg, p1 are given
> If Q; is given by a SDE

dXt = Fref(Xh t)dt+ O'tth, X() ~ qo

then so (under regularity conditions) is the solution P}
» For P : dX; = F(X¢, t)dt + or dWy, Xo ~ po, KL is a control
cost:
! ”Fref(Xta t) — F(Xh t)”2

dt,
2072

KL(P: || Q:) = KL(po || d0)+ Exer /
0

showing that o; — 0 gives dynamic optimal transport
» Marginally entropic OT between pg, p1 with entropy coefficient
202)
© Nikolay Malkin (Edinburgh) Mila 27.11.2025  Sampling with dynamic measure transport ~ 23/28



IPF [Sinkhorn, 1964] is a recursion initialised at P9 = Q;:

%
P+l arngin{KL(IPt | B7) st (mo)Pe = o},
t
%
Bl — arg]Pmin{KL(IP’t 1P st () 4P = p1}
t

where each step is a half-bridge problem (e.g., (ﬁ’”’l =po® Pr %)
Po(x0)® E 7l xo)@ﬁ’ o

t=0

The processes ﬁt and Ft converge in KL to the SB solution P}
~ Nikolay Malkin (Edinburgh) Mila 27.11.2025  Sampling with dynamic measure transport ~ 24/28



Existing IPF implementations assume samples from pg, p1 are given

» If py is given by samples, training ﬁt is maximum-likelihood
training (as in diffusion)

> If pg is given by samples, training ﬁt is also
maximum-likelihood training (trivial in diffusion)

» Diffusion training (with noising process converging to pg) is a
case of IPF that converges in one step



Schrodinger bridge with diffusion sampling objectives

Existing IPF implementations assume samples from pg, p1 are given

> If p; is given by samples, training ﬁt is maximum-likelihood
training (as in diffusion)

> If pg is given by samples, training P, is also
maximum-likelihood training (trivial in diffusion)

» Diffusion training (with noising process converging to pp) is a
case of IPF that converges in one step

» If one of both of the distributions is given by an unnormalised
density, we can use generalisations of the RL/VI objectives
above (and appropriate off-policy training)

Nikolay Malkin (Edinburgh) Mila  27.11.2025 Sampling with dynamic measure transport 25/28



Outsourced Schrodinger bridge

in the latent space of a

class | -)

(

p

Translation pprior <+ Pprior

generative model

Fives Prior Even Prior Odd

Prior
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Outsourced Schrodinger bridge

Translation pprior <+ Pprior - P(class | -) in the latent space of a

generative model
Car Cat Dog Horse Horse Truck

Prior Posterior Prior Posterior Prior Posterior Prior Posterior Prior Posterior Prior Posterior

s R
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» Diffusion models review

» Survey of sampling with learned diffusions
» Continuous-time case: Time reversal for SDEs

» Two views on stochastic measure transport in discrete time
» Hierarchical variational inference
» Deep entropy-regularised reinforcement learning

» Limiting properties

» Some large-scale applications
» Posteriors under diffusion and other generative model priors

» Schrodinger bridge generalisation

» Conclusion and outlook



» SMC as an RL exploration strategy; diffusion samplers as
adaptive importance samplers [with S. Choi, V. Elvira, ...]

» Non-Markovian generation: Friction, momentum, persistent
latent state [with R. Rajpal, B. Leimkuhler]

» Discrete-time optimal approximation with nondiagonal
diffusion [with T. Gritsaev, D. Vetrov, ...]

» Samplers and bridges in discrete space [with A. Carter, K.
Tamogashey, .. .]

dX¢ = u(t)Xedt + g(t)aBf

X > X

[Nobis et al., ‘Generative fractional diffusion models’, 2024]



» SDE generative processes as distribution approximators in
inference/sampling tasks using RL and control methods
» Discrete-time formulation allows for flexible models and
training schemes
» Connections with SMC, optimal transport, Schrodinger bridges
» Many open directions in modelling, algorithms, and
applications

» And, of course, theory: sample complexity bounds,
discretisation error, ...
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